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(2) Answer all question.

(3) Figures to the right indicate marks of the question.

4) Follow usual notation.

1 (a)
(b)
SB-3453]

If g(t,u) is a continuous function of t and u in a
closed, bounded region R(a,b) and satisfies the

Lipschitz's condition in R, then prove that, there
exists a unique solution u(t) to the 1initial
value problem u'=g(t,u), u(ty)=u, defined on the
interval J.

If ®() is a fundamental matrix of x'= 4x where
yeR", Ais an pxnp constant matrix and ®(D)=7,

then ®)®(a)=®(r-a) for every o.
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Show that g(r,u)=ru*+u*, R:|f|<1, [u-2|<3 4

satisfies the Lipschitz condition in the region R. And
find the Lipschitz constant k.

OR

If C is a non negative constant and u, v are 5
non negative continuous functions on some interval

t
ly<t<ty+a satisfying (/) =<cexp |:Lo M(S)V(S)ds} , then

t
prove that #(1) < CGXP[LO V(S)ds} for te [to,to +a] )

Prove that a fundamental matrix ¢ of system x'=4x 5
is given by q)(z):e+‘4, —o< < oo, A 1S constant
matrix. Also show that any solution x(¢) of this

system satisfying x(7)) =x, is given by x(z):e+Ax0.

Apply Picard's method to solve the initial value 4
problem u'=4¢+2tu, u(0)=1.

If ¢o(¢) is a fundamental matrix of x'=A(f)x then 5

t
det (/) = det (1y)exp| | TA(s)ds

prove that for
fo
re(n,n).
If @ is a fundamental matrix of x'= A(f)x, then 5

v is a fundamental matrix of its adjoint system if

and only if WT ® =¢ for some constant non-singular

matrix C.
Determine the stable characteristic polynomial for 4
the equation y"+2y"+3y'+4y=0.

OR
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2 (a) For the equation x'=A®@)x+B(1); x(ty)=xy, 106(71772) 5

show that the solution x(#) is given by

{
x(t)= (1) ) xp + [ @O (5)B(s)ds

)

where () is a

fundamental matrix satisfying ®@#)=1.

®) Let P(t)and ¢(r) be the continuous function of 7 in 5
(71772)- If y(r) and y,(r) are the solutions of the
differential equation y"+P(¢)y'+q(t)y =0 satisfying

the condition 7, (yl,yz) =y1y'2 —yiy2 #0 at every

point in the interval (71772) then show that any
other solution of this equation is a linear

combination of y; and y,.

(©0 Determine whether all the solution y(#) of 4

y W 1433 42y 6y'+2y =0 approach zero or not as

I —>oo.

3 (a) Prove that x'= A(r)x is strongly stable if and only 5

if there exists a positive constant 57 such that [|@@)|<M,
”CD_I(Z)"SM for 121,, where () is a fundamental
matrix of x'=A(f)x with ®(,)=1.

() Prove that x'=A(f)x is restrictively stable if and only 5

if it is reducible to zero.

(© Show that the zero solution of #'=u (uz—l) 1s 4

asymptotically stable.

OR
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3 (@ Let f(r) be a continuous function and v() a 5

non-negative continuous function on the interval

[ <t<ty+a. And if a continuous function u(r) satisfy

t

u(tys f(O+ Ju(s)v(s)ds, te [to,to +a] then show that u(r)
fo

also satisfy the inequality

{ {
u(t)< fO)+ [ F(s)(s)exp [ | v(r)dr]ds

to A)

(b)) A system x't=A()x() 1is uniformly stable if it is 5

stable and reducible.

(© For the equation #'=u(1-u) show that the solution 4

u(t)=1 1s asymptotically stable.

4 (a) Suppose that the function F(z,x) is continuous in 5
the set B={(1x)/1y <t <ty+a,|x—x| <t} and satisfies
the Lipschitz condition |7 (r,%)—F (¢ x, )| < k[x, x|
for (¢.x), (t.x,)eB then prove that
x| = xy = x(1,45,%,) = x(1,2),%;) uniformly for
te[ty.ty+a] where x(1,7),x,) and x(1,7,x) are
solutions of x'(s)=F(¢,x) through initial points

(t9.%,), (X)) respectively.
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() Show that if x'()=A(s)x(¢) is stable and 5

I

ITrA(S)dS >—d>-0 g 1, >0 then it is restrictively
0

stable.

© If f(y) is a continuous function on (0</<oo 4

and J |f (S)| ds is finite, show that the solution
0

u(r) of u+(o+f(r))u=0 approaches zero at

t >0 (q>0)-
OR

4 (@ Let ®(y) be a fundamental metrix of x'(s)=A4()x(s) 5

with CID(ZO):]. Then prove that x'(z)=A(r)x(¢) is

uniformly stable if and only if there exists a

positive constant js such that ||q)(,)q)‘1(s)”£M, for

Z‘OSZ‘<I<00,

®b) Let g(r) and f(y) be any two continuous function 5

on the interval 45<r<p then the inequality

b b 5 A b 5 %
[g@) f(s)ds<|[g*(s)ds| |[f*(s)ds| holds.
a a a
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(0 Use Hurwitz's criterian to determinte wether the 4

solutions of the system ,!_ 4, approach zero as 7 —

1 1 0
or not ? Where 4=| © 11
-10 -11 -5
5 (@ Let u(r) and u,(/) be two linearly independent 5

solutions of v"+a(y)v=0 on the interval 0<7<o
then prove that the general solution u(r) of the

inhomogeneous equation u"+a(¢)v=g(s) is given by
t
u(y)= ‘71”1(1)"‘02”2(1)"‘_[[”1 (s)uy (1) —uy(Du,y (s)]g(s)ds.
0
() Show that all the solutions of u#"+e'u=0 are bounded. 5

t
1
_ eXD
(¢ Use the transformation ¥~V [EI p (S)dS] to 4
0

reduce the equation "+ p(r)u'+q(y)u=0 to the form

v'+a(y)v=0.
OR

5 (@ Let a(y) be a continuously differentiable function for 5

te[O,OO). Then prove that all the solutions of

u"+a(f)u=0 are bounded on [0,%) provided that

a(t) —> o monotonically as (z)— .
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®b) If u=®(;) is a solution of the Riccati equation 5

u'=p(u+q()u’+r(;), show that this equation has

1
other solution of the form ”:q)(f)_m where

v(z) is a solution of the equation
u'=a()u+b(s).
(©0 Determine the type of stability of the critical point 4
(0,0) of xi = oy +4x,, x'2 =3x,+x,. Also sketch the

phase portraits for the same.
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